PArT II.-METHODS USED AND ACTUAL COMPUTATION.
@ A—EXPLANATION OF METHODS USED.

THEORY OF METHOD USED I¥ OBTAINING RATES OF MORTALITY
AT AGES UNDER § YEA

7. Diagrams 1 to 3 represent the progress of genera-
tions. These diagrams are fully expluned in sections
96, 106, and 109, pages 329, 338, and 340 of the
United States Life Tables, 1890, 1901, 1910, and

Disgras L.—~MoveMeENT or (lENERATIONS REPRESENTED

(IRAPHICALLY.
Age inyears
0 1 2 3 0
5 £
e
g g
oo
£ Yo0em
: HE
m Voos
o 4 2 8
@ 19 B ¢ d $ I
2 7,1 -
g¥ .5 @
g 1 [
g 18 g %
ﬁ 19 A B ¢ d i>" 3
e 5
o 9
4 =
2 9 5
s 3 1 3 cl 9 FTU'
- 09
3 192
5 ¢0
§19 5 ¥ o 2
N
3 9
F‘éﬁﬂ ‘
87/
S
29
)
3
?
19

1901-1910. In brief, the ages of the generations are
measured by verticallines along the horizontal axis, In
the diagram, time in calendar years is measured by the
diagonal lines which are at right angles to the bisector
of the angle between the vertical and horizontal
axes. This bisector is not drawn in these diagrams,
Thus the generations begin along the vertical

axis at age 0 and move horizontally to the right.
See Diagrams 2 and 3, pages 33 and 37.  In any genera-
tion many die underl yearof age;forinstance, of those
born in 1016, K", some die in 1916, D, and some
in 1917, eD7.  Of those who survive to exact age 1
year, I&{", many dio between exact ages 1 and 2 years,
some in 1917, D, and some in 1918, D% Like-
wise, the deaths among the survivors to exact age 2
yoars, EM¢, oceur in 1918, ID}™®, and some in 1919,
GDIUW

If & census be taken of these generations at any
time, for instance, January 1, 1919, the children under
3 years of age enumerated would be those who were
born between January 1, 1016, and January 1, 1919,
who had not died before January 1, 1019, Thus the
children between 2 and 3 years of age on January 1,
1919, would be that part of the 1910 generation,
D“’“‘, which wasnot included in D™ + D7 - [DI07 4.
(,D1018+ZD1018

The method used to derive the formula for the an-
nual rate of mortality at each year of age under 3 is a
modifieation of the method suggoested by Mr. Robert
Henderson. The rate of mortality of the generation
that attains age 2 during the calendar period is by
definition ¢, = d,/l,, where [, is the number that attain
ago # during tho calendar peuod and d; is the number
of deaths that occur among the [, persons before they
become aged oxactly x--1 years, DPart of these d,
oceur in the yoar following the calendar period of
yoars. An illustration of this is afforded in Diagram
2, Thus, 4T85 or I, is the number of children
born dunnn' the cnlendm' period 1919-1920, or the
number lzlmt attain age 0 during that period. Before
this generation has becomo aged exactly 1 year, d, of

| them have died, D" in 1919, DI - 7D in 1920,

and eDP in 1921. On the other hand, some of the
deaths under 1 year of age in 1019-1920, eDI™", were

- of children bornin 1918. Accordingly, it appears that

the number of deaths under 1 year of age during 1919
and 1920 is
])0 o gD(l)()lO + ZD(I)CIH) + e’Dtl)l)EO _}_ ZD(])DQO

and that in the generation born in 1919-1920 before
it attains exact age 1 year is
d0=ZD(1,nm -+ eD(I}ﬂZD_{_ZD(I)MD -+ 6D(1)021_

Thus the difference between the number of deaths
under 1 year of age in the calendar period 19191920
and in tho generation born in that period is

Do"‘ do = GDE)‘”" . (iD(‘,‘m =P plnpont
where 74 is the ratio of the number of deaths under
1 year of age in the calendar year ¥ among those born
in the previous year, y—1, to P%',

C2Y)
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From Diagram 2 it appears that the deaths under
1 year of age in the calendar period 1919-1920 must
occur among the P2y +E+E° children and that
the P2% and P2, children lived only a part of their
lives between birth and 1 year of age in the period
1919-1920. Hence the rate of mortality under 1 year
of age in the calendar period 1919-1920 must be

=Do/E5,

where Iy may be called the equivalent generation
which corresponds to the deaths D,.

In the special case where the force of mortality at
each age in triangle AB’B, Diagram 1, is equal to that
at the corresponding age in triangle ab'b and in quadri-
Iateral AabB’, the rates of mortality under 1 year of
age in 1919-1920 and in the generation born in 1919~
1920 would be the same, and 7, 752, ri® would all
be equal. .

Then the equation
Dy do=ri PRy
may be written

th " D (Z + 739195,, Where‘ao is PoL—
S0 a

1021 0/L
- P

P
Eogs =Eog, + 75°1°6,.
Then since g,=¢;,
Ey=E,+ k.8, where k; is 7'5"“’/ o

When k, equals 4, this formula for the approximate
value of the equivalent generation is that given in
equation (22) of the United States Life Tables, 1890,
1901, 1910, 19011910, page 337.

By rea,soning similar to the above approximate
values for rate of mortality between exact ages 1 and 2
years and between 2 and 3 years in 1919-1920 are
shown to be, respectively, :

¢i= Dl/(El + 7"151_/%) and g5 =D,/ (&, +7.8,/g.),

where E, and E, are the numbers of children that at-
tain ages 1 and 2 years, respectwely, in the calendar
period 1919-1920.

Where the rate of morta.hty does not change very
rapidly between ages z and z+1, 7,/g, is very nearly
equal 4. However, the rate of morta]ity under 1 year
of age does change very rapidly, and for this reason k,
was determined from infant mortality statistics given
in Table 13 of Birth Statistics of the Birth Registration
Area of the United States in each year from 1918 to
1921, published by the Bureau of the Census. The
statisties from which the value for k, was determined
were from the same area as that covered by the 1919-
1920 life tables, except Rhode Island, Illinois, Missourt,
Tennessee, and Hawaii, and should, therefore, be a
very good average for these tables. The results ob-
tained were 0.275 for males and 0.280 for females.
While the rate of mortality under 1 year of age has
been very much lowered between 1909 and 1919, that
under 1 day of age has not changed much.- The conse-
quence is that the per cent of born and died in a calen-

dar year has been raised, so that &, has changed from
about 33% per cent in 1909-1911 to about 28 per cent
in 1919-1920.!

Unfortunately no statistics are avmlable to deter-
mine %, and k,. However, there is no evidence of
irregularity in the lowering of the rates of mortality
during the age periods 1 to 2 years and 2 to 3 years,
and so k, and k, were set equal to ¥, the ratio used for
the 1909-1911 life tables. See United States Life
Tables, 1890, 1901, 1910, and 1901-1910, page 343,
equations (30). '

From Diagram 2 it will he seen that

. E1=E0+P1%/119— 1%/51"‘DO=E0+60—D0;
while
E,=L +P¥—Pif~D,=E+8-D,.

For the convenience of the operator the three equa-
tions just derived were expanded. Let G, represent
the denominator in the equation g¢,=D,/(E,+k,8,).
Then

Gy=Eqy+kody,

G =E,+ 45, =Ky +8,+ %5 — D,
L= Go + (1 - 775'0)50—D0+ %51-

Gz?Ez+%52= B +8+45,—D

=Gy =D, + (6, +38,).

Therefore, the three equations become

=Dy/G,, \ S ¢))
'*Dl/[Go'l" (1"‘]50) 50_D0+ '%61]: (2)
¢,=D,/[G, =D, + 3(8, +4,)]. 3)

METHOD USED TO DETERMINE DIFFERENCE BETWEEN
'POPULATION IN SAME AGE INTERVAL AT
BEGINNING AND END OF PERIOD.

8. Only the differences between the populations at
corresponding ages on January 1, 1919, and on Janu-
ary 1, 1921, were used. Thercfore, populations
derived from birth and death statistics are sufficient
since the effect of migration on the number of children
under 1 year of age on January 1, 1919, should be
about the same as that on the number of children
under 1 year of age on January 1, 1921, and this
effect would be cancelled out in a difference. The
same is true of children between 1 and 2 years of
age on January 1, 1919, and January 1, 1921, and
also of children between 2 and 3 years on those dates.
The method of determining these populations from
birth and death statistics is based on the method
used to determine the number of births for the United
States Life Tables, 1890, 1901, 1910, 1901-1910,

! Mr. Henderson bases the ratio of the number of deaths under 1
year of age in the calendar year y among those born in the previous
vear, y— 1 upon the statistics for two consecutive calendar years,
30 that he sets
PLO2072L — 7101820 —p — (gD}910 -}—eD‘”“)/(Pl“Q'}g 4-P1,). The
value for k, derived “from this value of 74 18 0.288 for males and
0.290 for females. While as a rule the value of %, seems to be de-
creasing with time, it probably varies consuleraf)ly from. locality
to locality and from race to race. Iowever, no statistics were
available for the separate localities and races from which their
values of %, could be determined.
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explained in section 100, pago 340. Instead of
adding populations to deaths to f{ind the number
of  Dbirths, deaths were subtractod from  the
births (o obtain populations. LT in Diagram 2
represents the number of births in any calendar yoear
y: DY the number of deaths between ages 2 and @41
in that year of those who were born in thoe later ealen-
dar year, and ¢D?, the number of deaths between
ages @ and 41 in that year of those who were horn
in the carlier calondar year.
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TFrom this it appears that the population under 1
yoar of age on January 1, 1919, is P =100 —[Dins
and tho population under 1 year of age on January 1,
1021, is P =830 — [Djv20,

As in equations (1) to (3) on page 32, the expres-
sion (Piftt— Palathy ) is designated by 8, Consequently,

By= (—T0JP0 . T508) . (~ DR 4 IDP),  (4)

Thoe population between 1 and 2 years of age on Jan-
uary 1, 1919, is

WA == BT D107 — pDJuis . [lots

112312°—28——3

and the population between 1 and 2 yoears of age on
January 1, 1921, is

N " pr- - S
ht TR Oy L ) eDpa0 )00,

Hence,

8, = (— 0 Ty 4. (— DI 4 1Do)
(=D D) 4 (— DR IDImy (5)

Tho population between 2 and 3 years of age on Janu-
ary 1, 1919, is

P2 e T0R0t0 — [0 ('-D})m — D7 (,:L)}mx - Z.D-},"‘”

and the population between 2 and 3 yoars of age on
Junuary 1, 1021, is

1)1%(}1 — ]‘3(1,’”” . Zl)(l)()lﬁ — (;D(t)nm - ZDiiilll o ({I)iuz 0_. ZD,‘,""’.
Accordingly,
By (— TSR L T0) o (D0 - IDgeee)y
o (== €D g e DIy e (= D107 ] 10)
4 (= €D gDy o JTHE L ]])5020) (6)

Then each numbor of deaths in Table 17, pages 58 to
01 was divided into 71 and eD by applying the percont-
ages given in the United States Life Tables, 1890,
1001, 1910, 1901-1910, page 340, Table 109, and tho re-
sulting ID and ¢D wore entored in different colored ink
just below the D from which they wore derived. The.
method of taking these values of 1D, €D, and 1) from
the table in computing infant mortality is illustrated
in tape 16, page 39,

METHOD USED TO OBTAIN RATES OF MORTALITY FOR AGES
BETWEEN ADOLESCENCE ARD OLD AGE,

9. In obtaining graduated rates. of mortality for
oach fifth. yoar of age from 12 to 92, the formula used
was that employed by Mr, George King * for finding
the graduated central value of a fifteen term series.
Equations (82) in tho United States Life Tables, 1890,
1901, 1910, 1901-1910, pago 390, scetion 180, were

transformed for the convenionce of oporators as

follows:
"ATm"-'/ ~ ATy, "’ATa:+2
—200AT,-, = —200
—(—8AT,,) = ~8 +16 —8

Since — AT} is the sum of the population aged 2 to
z-+4 on Junuary 1, 1920, the symbol Pkt is used,
and
104 = (—10-+2) (P55 ~ 2P0 - Pt
+ 200Pz5, (7)
! Supplement to the Seventy-fifth Annual Report of the Re;%istmr—

General of Birthe, Denths, and Morriages in Bngland and Wales,
Part T—Life Tables, page 49, section 2.
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Also since —A(20), is the sum of the deaths occurring
between ages 2 and x+ 5 during the two calendar years
1919 and 1920, the symbol D42 is used, and

10°(2d),45= (—10+2) (D252 — 2D+ D32

+200D1e20, (8)

No knowledge of differencing, negative values, or
fractions is required to use the equations in this form.
The method of using them is illustrated on page 39,
tapes 18 and 19.

METHOD USED TO JOIN MORTALITY OF CHILDREN UNDER

3 YEARS OF AGE WITH THAT IN THE MAIN TABLE,

10. The formula discussed in section 9 is for ﬁnd.ing
the central or eighth term of a fairly symmetrical
series of fifteen values. The derivation of a formula
for interpolating the third term in this series of fifteen
values is similar to that for interpolating the eighth
term of the series. If u, be the third term in a series

of fifteen terms, u,, u, and so on up to wu,, and
=14

z=n+4
Yn= 23U, 0 that Ay, = — 33U, then

U =Ys Y
Yo ="Yo + 30— 58%Yo + 15zA%,
Yo ="Yo T 0% — F5A% + 185"y
— Uy =3AYo~ Th54%,
=241, — .008A%,

or
z==9 z=14

24 zoed
= 10%, = 200353y, — s(z()) U= 2R Uyt 330, ).

z=0 z=5 z=10

When L, and (3d), are substituted for u,, and Puzts
and D 2% are substituted for Zu,, and age 5 is taken

as 0, the following two equations are obtained:

5/9

103L7 = 2001)1%’290 + (" 10 +2) (szo"' 2P11%/2161+P115912l§ (9)
10°%(3); = 200D"}7* 4 (— 10 4 2) (D380 — 2D3g-20

+ D1 (10)

These formulas were used to determine graduated

populations and deaths at age 7, and the results were

found to be fairly good and served to join life table

values of children under 3 years of age with those

beginning at age 12. See values in Table 2, page 10.

METHOD USED TO EXTEND THE PROBABILITIES OF LIVING TO
EXTREME OLD AGE.

11. The plan suggested by Mr. George King! was
followed for the most part, in some cases & constant
third difference being used when the fourth differences
did not seem suitable. The logarithms of the last
seven probabilities of living, given at quinquennial
ages, were differenced four times and the largest nega-
tive fourth difference or the last negative fourth dif-
ference was used to extend these probabilities of living
over periods of five years up to age 112. The proc-
esses used are illustrated in tapes 24 to 34, pages 43
and 45.. :

!
i
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METEOD USED TO DERIVE 10g 5Py FROM 10g Py AT BEVERY FIFTR
YEAR OF AGE AND DETERMINATION OF /; COLUMN.

12. The formulas used for this process are those
given by Mr. George King,! but the equations were
put in another form that requires no differencing and
is better suited for machine work. TFor convenience
and reference equations (i) and '(iii) are copied here.
(1)
(iii)

Ws = Bty + TAU, + 1.64A%, — 2A%,
Wy = bty + 201y — 0.40%u, + . 2A%u,,

z=9 z =4 .
where w;=3%u, and w,=3u,. These two equations

z==5 =0 .
were transformed by substituting for the leading
differences of wu, their equivalents in terms of the

quinquennial values of w,. This work is indicated

below.
Transformation of equation (i)
Uy Us U0 Uyg
5.0uy= +5.0
2.0Auy=—2.0 +2.0
—~0.4A%,=—-0.4 408 ~0.4
0.24%,,=—~0.2 406 —0.6 +0.2
Total, wy= 4 2.4, +3.4u,— 1.0u, +0.2u,,
or
10wy = 24wy + 3415 — 10w, + 2y,
= 24 (uy +5) + 10u; — 100, + 20, (11)
Transformation, of equation ()
U U Uyg Uss
5.0u=+50
7.0Auy= ~7.0 +7.0 |
1.6A%,= +1.6 —3.2 41.6
~0.28%,~= +0.2 —0.6 +0.6 —0.2
Total, w;= —0.2u, +3.2u; +2.2u,, — 0.2,
or
10wg = — 2, + 32u; + 221, — 20045
=20 =y + 11 (U ) ~ ) +10u,  (12)

Section 36, page 44; shows that the computations
indicated in equations (11) and (12) may be readily
performed upon an adding machine.

Mr. Robert Henderson suggested that the curve of
probabilities of living between ages 2 and 7 is so skew
that formula (iii) should be adjusted by determining
the coefficient of A%y, from known values of log 2,

1 Suppleme_nt to the Seventy-fifth Annual Report of the Registrar-
General of Births, Deaths, and Marriages in ﬁngland and Wales,
Part I—Tife Tables, pages 26 to 28.
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The values for the coellicient of A%, computed from
a number of the United States 1910 life tables, varied
slightly about unity. Values for the coelliciont A*u,,
computed in the same way from known values of
log (p; in these same Life tables, all varied only slightly
from 0.2, - Accordingly, log ;p, was determined by using
equation (11) and log p, by using equation (11a),
which is derived from o modification of equation (ili)—
that is, from

Wy == Dty + 2oty — DL A%y, -+ Ady, (iiia)

METHOD OF DETERMINING EXPECTATION OF LIFE FROM SURVI-

VORS AT EVERY FIFTH YEAR OF AGE.
13. Equations (11) and (12) were transformed by

substituting N’g for w and { for «, and the following
equations woro obtained:

LONagg = 240y 1) + 100 — 100, 42, (17)
LON g =20~ L+ 111, +1,) — T, T +100,  (18)
LON" gy = 2[ =& 4+ 11 (L -+ 1) — L] - 102, (19)

and so on to

10Nl(w—10):ﬂl = 2[ - Zw»«l.’) -+ 11 (mel() “+ lw—(,) - lw]
+100y—10 (20)

or

1()1()g 51)2 niit
10log p, =
10log sy, =2 ~log p,+-11d0g py +log pyy)

~log p,] +10log p, (15)

10log sy =20 —log p,+11{og p,-+log p,y)

Transformation of equation (fiia).

Uy

gy Uy Uy 0.5.

ity = - 5.0 1.0.
20y = = 2,04 2.0
—0.4A%, = — 0.4+ 0.8—0.4
AMgye= - 1.0+ 3.0—3.04+ 1.0

the equation

Total, wy == 4+ 10w, + 5.8u; — 3.4t -+ 1.0%y,

10wy = -+ 17 (g4 — 219) — 10y — 1005+ 1014
exx (20-8) (wy -+ bty =~ 204) — 10, — 10 + 1005 (11a)

When log p iy substituted for w and log p for % in
2 5l , L
oquations (11a), (11), and (12), they become

(20-3)dog p,+4log p,—2log p,,)
~log py—10log p, -+ 10log py, (13)

24 (log p, +-log py) -+ 10log py,
—10log 1y -+2log Py, (14)

and a total at the end.

when 7,,=1.

taken as 0.

w degignatos the age of the lust I, determined by the
method describod above, which had a value as large as
Any value between 0.5 and 1.0 was taken as
It will he noted that Ng—gz ond N wd can not
be determined by this formula.

The 'genoral rule for

Fe=tp—1

obtaining N’u_ny was to use 0 for I, thus forming

- LON ey = 21 — Lyego 11y Loy — 0]+ 100 e (21)
Sometimes, however, o negative value was obtained
by using this formula and in that case N’gpg.q was
determined as follows: log p,-; was added four times
to log ly—s o subtotal heing taken ofter each addition
These three subtotals and the
total are the logarithms of the approximate values of

Zw~4: Zw—:v Zw-z: Zw»—v "Then Nl(w—"')):T)l =x-=2w}§. (21“)

It was never nocessary to use (21a) for N/ ¢y_g:q except
In that case N’g.5 was simply taken as 1.
When 7, was greater than 1, N’u.g5 was determined
according to the process outlined for (21a).
is, log p, was added four times to log I, s subtotal
being taken after each addition with a total at the end.
Whenever any of these subtotals becamo less tlian
9091698980000, which is log 0.5, the additions were
stopped, since all values of I, lower than 0.5 wero
Since 1, =1 in tape 39, page 49, N'y,g is
tukon as 1, and thoe process indicated by (21a) was

That

3

—log pyl+10log (16)
and so on,

100,000 was taken as the radix of the table, and to
5, its logarithin, log py, log p,, log ., log p,, and so
on, wore, added, subtotals being taken after each
addition, These subtotals ure the logarithm of 7,

not neoded.

Then to obtain N7, these values of N’uy were

summed, beginning with N’yp, and a subtotal was
taken after each addition with a total at the end.
The equation for the complete expectation of life
is then

8= N/ [l —~0.5. (22)
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B.—ACTUAL COMPUTATION OF ABRIDGED LIFE TABLE FOR MALES IN THE STATE OF
NEW YORK: 1909-1911.

PRELIMINARY STATEMENT.

14. To illustrate the process of constructing these
abridged life tables, photographs of the actual com-
putation of the New York Male, 19091911, Life Table,
are shown on pages 39 to 52. The work of compiling
the original statistics and that indicated in Table 12
is not given, but no other part of these computations
is omitted except the divisions performed on com-
puting machines to obtain the 21 rates of mortality
in tapes 17 and 22 and the 22 expectations of life in
tape 43, the multiplication of 4, by k,, and also the
work of looking up the antilogarithms in tape 37. The

computations are on 28 tapes, each tape being de-

scribed in a section having same number as tape. Ages
and complete headings were copied on many of the
tapes which are not needed in actual computations.

Checks for the comparer are designated by numbers
enclosed in circles. Thus the 1 and 2 opposite the
totals in tapes 21 and 22, respectively, and also oppo-
site the totals in tape 23 indicate that the numbers
marked by the same symbol should agree.

Throughout this description the word “comple-
ments” is used freely to mean any two numbers whose
sum is any power of ten instead of only for those whose
sum is unity. The use of these “complements” is a
great aid to speed and accuracy, for no attention need
be given to signs.

PREPARATION OF STATISTICS FOR DETERMINATION
OF RATES OF MORTALITY OF CHILDREN
UNDER 3 YEARS OF AGE.

15, The first step in the computation of rates of mor-
tality at ages under 3 years was to arrange the births
and deaths as in Table 12. The numbers of registered
births were copied from state reports. The adjusted
number of births for the period 1909-1911 was taken
from the computations by the extended method.
(See United States Life Tables, 1890, 1901, 1910, 1901~
1910, page 373, tape 142.) The ratio between this
adjusted number of hirths and the sum of the number
of births registered was determined, 346, 664/327, 314
=1.059117545, and this was applied to the numbers of
registered births in 1906, 1907, and 1908 to obtain the
adjusted number of births for each of these years.

The number of deaths by single years of age under 3
during each of the calendar years, 1906 through 1911,
was obtained from the Mortality Statisties for each of
these years, published by the Bureau of the Census.
72 per cent of the deaths under age 1 year were as-
sumed to be born in the lafer calendar year, ID,, and
28 per cent in the earlier calendar year, eD,; 59 per
cent of the deaths in age interval 1-2 years were as-
sumed to he born in the lafer calendar year, ID,, and
41 per cent in the earlier year, ¢D,; 53 per cent of the

deaths in age interval 2-3 years were assumed to he
born in the lafer calendar year, ID,, and 47 per cent
in the earlier year, eD,. This is in accordance with
the constants used in construction of United States
Life Tables, 1590, 1901, 1910, 1901-1910, given in
Table 109, page 340, of the volume of this title.

TaBLE 12.—SramisTics FroM Waicr Rares or MoRrraLITY or
CamoneNy UNDER 3 YEARrs ofF At WERE DETERMINED rog
raE NEw Yorx Mare Lire Tasre, 1909-1911.

’ -
Calendar year.......oree-n- l 1906 1907 1908 1909 1910 1911
Number of hirthsregistered.| 93,989 | 100,522 | 104,992 | 104,382 | 109,229 | 113,703
Adjusted number of births..| 99, 544 106 465 | 111,190 111 660 [ 115,948 | 119,050
Number of deaths, 0-1, Do..{ 15,200 | 15,432 | 14,632 | 14,500 | 15,234 | 14,040
Bommlauryear, lI)r 10,950 11 111 10 533 10 490 10 Y68 10 109
Bornin earlier year, Dy 4,259 4,.521 4 097 4 079 4 266 3 931
Number of deaths, 12, Dy..l........ 3,414 | 3,229 3,523 3,401 2,903
Born 1nlater3ear,lD1 ........ 2,014 1 905 2,079 2,007 1 766
Bornin earlier year, Dy vunnnnn 1,400 1 324 1444 1,304 1 227
Number of deaths, 2-3, Da.f.ee.ovifovencu-e- 1, 44‘) 1,484 1,545 1,320
Borninlater 5ear, an J8 SRR PO B (: § 3 (P R 700
Borninearlieryear,eDs|....cc.ifreveaenas ﬁ/ h .................. G20

DIFFERENCES BETWEEN POPULATIONS AT CORRESPONDING
AGES ON JANUARY I, 1909, AND JANTARY 1, 1912,

16, It was necessary to determine first the difference
between the populations at corresponding: ages on
January 1, 1909, and January 1, 1912. Formulas
for this work, (4), (5), and (6), were derived on
page 33. The New York Male, 1910, Life Table, is
based on a three-year period, 1909-1911. Hence, to
use these equations for the computations of this table,
1906 was substituted for 1916, 1907 for 1917, 1908 for

-1918; then 1909 for 1918, 1910 for 1919, 1911 for 1920,

and 1912 for 1921, (See Diagram 3.)

b= (—EP +B§9) -+ (— Dy + DD (42)
b= (= EP) -+ (— DY + DY

+ (—eDg=+ DY) + (—IDJP +IDW)  (50)
8= (— B + BE) 4 (— (D0 4 [Dy

+ (— D+ D) + (— DD} + DI

+ (D +eDi) + (—IDYP+ DR (6)

As will be noticed these equations are rather symmetri-
cal and their values can be selected from Table 12 ac-
cording to rule. The last group on the right is always
o 1D, @ being 0, 1, and 2. The next to the
last group of deathsis alWays —eD 2% 4+ eD 2, o being
0 and 1; the second from the last group of deaths is
always —IDJ2%, + ,1,23,"1, 2 being 0 and 1; the third from
the last group of deathsis — er}3331+eD321¢’1 ; the fourth
from the lastgroup of deathsis —7D2% 4-7D2%. The
group of F’s is always for the same calendar years as
the group of deaths adjoining, only the signs are
changed. The additions were begun with the last
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group in each equation. Thoe adding machine was

split botween the banks 9 and 10, and the /s and

el)’s were set up from Table 12 on the adding machine

Diaaram S.—Graeme REPRESENTATION OF RenatioNn Brrwnry
Birrir AND Diarn Recorns AND CenNsUs  STATISTICN FOR
1909~1911 Larws Tannes,
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in tho samo order as they appear in the equations,

while the E'swero added in the reverse ordoer becauso

of the chango of sign.

Diagram 4 contains throe outlines of Table 12 to
indicate how to obtain the values for equations (4a),
(bu), and (Gu).

In actual computations Table 12 was extended in a
straight line as in Table 17, which form was conveniont

for the operator and also for those preparing the sta~
tistics for a number of tables at the same time. It
will be noted that negative quantities were sot up on
the left side of the machine and positive on the right.
Ilence, when all the values on the right side of each
equation were sot up, o subtotal was taken and the
complement of the sum on the left side was sot up on

DIAGRAM 4o—OurniNg Smowrng Ororir 1N Wirenr BIRTig AND
Duarng v Tasry 12 Spount Br Aovpep 1o Opraiy VaLuves
ror Touartons (), (ha), ann (Ga).

1906 1907 1908 1909 1910 1911

Adjusted Births {—3
Deaths 0-1, D,
1D, 2

eD, :

4, —

1 —

Equation(4a)

Adjusted Births 7 8
Deaths 0-1, Dq :
LD 6 5

eD, 4

Deaths 1-2,D,
LD, 2

eD,

Equation(5a)

Adjusted Births [-11
Deaths 0-1 D,

\ D, 10

eD, 8 - 7

Deaths 1-2 D,
1D, 6 5

eD, 4

Deaths 2-3 D,
D, 2

. eD ’

2

no

f

@©

Equation(6a)

both sides of the machine and a total taken in the
case of the additions for (4a) and (5a) and o subtotal
altor additions for (6a). The left side of the machine
should be cleared if the correct complement is seb up.
The remainders on the right ave &, §;, and §,, respec~
tively. 8, is then set up below 8, and a total taken.
8, is then multiplied by k, which in 1910 was about 4,
and the product entored in pencil just below &, and
the differenco (1—k)8, is written just below the
product 8. Then § of 8, and also of (55, is

copied just below them.
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DETERMINATION OF RATES OF MORTALITY OF CHILDREN UNDER
3 YEARS OF AGE.

17. In tape 17 the values from equations (1), (2),
and (3) were set up. The deaths during the period
19091911 were added on the right of the adding ma-
chine and the corresponding number of children,
or the equivalent generation, was obtained on the left.
To obtain the values needed in equation (1) the deaths
aged 0-1, D, for 1911, 1910, 1909, were added on the
right side of the machine, and at the same time the
number of births just above them in Table 12 were
added on the left. To the left side was then added
one-third of the first total in. tape 16, 99997241, and a
total taken.

To obtain the values needed in equation (2) the

total just obtained on the left was added to the com-

plement of the total on the right and to this was added
the remainder (99994482) of the first total and one-
half of the second total in tape 16. On the right side
of the machine the deaths aged 1-2, D,, in the calendar
years 1911, 1910, and 1909 were set up and a total
taken.

To obtain the values needed in equation (3) the total
just obtained on the left was added to the complement
of the total on the right, and to this one-half of the
third total in tape 16 was added. On the right side of
the machine the deaths 2-3, D,, in the calendar years
1911, 1910, and 1909 were set up and a total taken,
Then each total on the right was divided by the corre-
sponding total on the left to obtain the rate of mortality
at each age. The result to the nearest sixth decimal
place was set up as a whole number under the heading
10°q,.

ORIGINAL STATISTICS FOR DETERMINING RATES OF MORTALITY
AT AGES 7 YEARS AND OVER.

18, The original statistics, on which the life table for
males in the state of New York, 1909-1911, was based,
were obtained from the United States Life Tables,
1890, 1901, 1910, 1901-1910, page 450, Table 150.
The populations in column 2 and the deaths in column
6 were summed in the quinquennial age groups 0-4,
59, 10-14, and so on through the group 95-99. The
machine was split between banks 15-16 and 8-9, ages
being entered in banks 16-17. Beginning with the
age group 5-9, the populations were entered on the
left side of the machine and the deaths on the right
side, and a subtotal was taken after the group 95-99
was entered. To these subtotals the populations and
deaths, respectively, 100 years of age and over, and
the age groups 0-4, were added in order to check to
the total populations and deaths as given in Table 159
mentioned above. The values in tape 18 are the
Prft and the PY%2° required by equations (7) to
(10), pages 33and34,to obtain the graduated valuesof
L, and (3d),forz="7,12, 17, and so on. Thesearethe
central ages of the quinquennial age groups 5-9, 10~14,
15-19, and so on.

APPLICATION OF EQU’ATIONS (7) TO (10) TO THE STATISTICS
IN TAPE 18,

19. For convenience of reference equations (7) to
(10) are given with subsecripts for period 1909-1911.

10°L, = (~10+2) (Pffi,—2PWis+ P +200P 3, (9)
10%(3d), = (— 10+ 2) (D*g™ — 2D + DSt

+ 20019011 (10)
10° Ly 4= (—1042) (P55 — 2Pl + P15
+200P s (7
10%(3d), 2= (—10+2) (D232 — 2D + Doggiy
+200D %% (8)

It was found convenient to split the adding machine
between banks 9 and 10 and to apply equations (9)
and (7) to the numbers on the left of tape 18 in banks
10 to 17 of the adding machine while applying equa-
tions (10) and (8) to the numbers on the right of tape
18 in banks 1 to 9. Accordingly, the first numbers in
tape 18 (405163 and 4710) were set up in correspond-
ing places on the adding machine and beneath them
the complements of the second set of numbers in tape
18 were repeated twice and then the third set added.
The numbers now appearing at the base of the adding
machine, 24737 and 3820, are the values of the quanti-
tiesin the second parentheses of equations (9) and (10),
and are really second differences but may be called the
operands. Since these operands are to be operated
on by +2 and —10, they were added in unit’s place
and their complements in ten’s place. In accordance
with the last expressions in equations (9) and (10),
the first numbers in tape 18 were added twice in
hundred’s place and a total taken. The sum on the
right, 80834704, is 1000L,, and that on the left, 911440,
is 1000(3d)..

When 10 is substituted for z in equations (7) and
(8), the left-hand members of the equations are 101,
and 10°(3d),,, while the operands are the same as in
equations (9) and (10). Accordingly, the values for
these operands, 24737 and 3820, were repeated twice
in unit’s place and their complements added in ten’s
place, and the second set of numbers in tape 18,
306114 and 2855, are repeated twice in hundred’s
place and a total taken. When 15 is substituted for &
in equations (7) and (8), the left-hand members of the
equations are 10°L,, and 10°(3d),,, while the first num-
bers in the operands are the 396114 and 2855 which
appear in hundred’s place just before the last total.
To these are added the complements (repeated twice) of
thenumbersjustbelow themin tape 18, 411802 and 4820,
and then thefourthset of numbersin tape 18. Thetotals
then appearing at the base of the adding machine, 36060
and 827, are set up in unit’s place and their comple-
ments in ten’s place in accordance with the operators
+2 and —10, and to them are added the 411802 and
4820 in hundred’s place (repeated twice), which are
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RATES OF MORTALITY UNDER 3 YEARS OF AGE.
CALCULATION OF THE LIFE TABLE FOR MALES IN THE STATE OF NEW YORK: 1909-1911.

PHOTOGRAPHS OF ADDING MACHINE TAPES ON WHICI COMPUTATIONS WHRE MADE,
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the second numbers in the operands. After a total is
taken, the 411802 and 4820 are entered in unit’s place to
begin the next computation. The operator soonlearns
this routine of repeating twice in hundred’s place the
second numbers in tho operands, whose complements
were repeated twice, and then so soon as a total is
talcen, starting the next set of computations with the
same set of numbers, and the results can be obtained
very rapidly by a careful machine operator without his
understanding negative values, differencing, or deci-
mals,

DETERMINATION OF NUMBER EXPOSED TO RISK OF DEATH TO
OBTAIN RATES OF MORTALITY,

20. The rates of mortality were determined accord-
ing to equations ¢, =d,/(Ly+.5d,). Since the deaths
wore for a 3-year period, as indicated by the symbols
8D, and (3d),, and it was desired to obtain average
annual rates, either the deaths had to be divided by
three or the population multiplied by three. Tho
latter mothod was found to be more convenient. Ac-
cordingly the above equation was written:

Qo= (3a) z/[gLa +%(3d)a¥]- (23>

In tape 20 the values of the denominator, 3L, +4(3d).,
were determined by adding to the totals on the left

side of tape 19, repeated three times, one-half of the
corresponding totals on the right side of tape 19.

21, In order to check the work from tapes 18 to 2y,
and for convenience in dividing, the totals in tupe
20 were added in tape 21. These totals are the
10981, +4(3d),] of equation (23).

22. Also the totals on the right side of tape 19 were
added and fastened to the right side of the values in
tape 21. They are the (3d), of equation (23). Where
the populations are small and the period is for twe
yoars instead of for three, so that only 2L, + %(2d), ix
needed for the denominator in equation (23), it is often
convenient to add these two sets of values on the sanwe
tape, the 1092L,+%(2d),] on the left side and the
(2d), on the right.

With the two tapes, 21 and 22, side by side, the
operator performs the divisions indicated in equation
(23), and enters the quotients to the nearest sixih
decimal botween them. Then they were cleared of
fractions by entering thom under the heading 10%%,.

23. Table 13 shows how the values in tapo 18 enter
into the totals in tape 19. In this table tho valuesiu
tape 18 ave ropresented by w, at the top of the columus,
and the totalsin tape 19 by u, in the left-hand margin.
The coeflicients of w, in the equation for u, are in the
same line with w, and each coeflicient is in the same
column with the w, to which it belongs.



41

B.—ACTUAL COMPUTATION.

NUMBER EXPOSED TO RISK OF DEATH FOR ONE YEAR.
CALCULATION OF LIFE TABLE FOR MALES IN THE STATE OF NEW YORK: 1009-11.

PHOTOGRAPHS OF ADDING MACHINE TAPES UPON WHICH CALCULATIONS WERE MADE.
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Tasre 13.—DERIVATION OF FORMULA FOR CHECK ON WORK IN TAPES 18 TO 22,

COMPUTATION OF CHECK IS GIVEN IN TAPE 23.

This table shows the coefficients of the values in tape 18 in the equ V .
! z 4t 310 heud of the columns and the totals in tape 19 by uy in the left-

(7) to (1, page 38, The values in tape 18 are represented by w
hand margin.
margin of its line,

Any number in the table is the coefficient of the wy at t

ations for the totals in tape 19, derived according to equations

he head of its column in the equation for the uy in the left

W Lo Wyg Wag Was Waeg 3{ aoli{l 5)0 } Wyg Wgo Wss Wy Wys
Uy 200-8 +16 — 8
Uy —8 | 200416 - 8
Uy — 8 | 200+16 - 8
B 77 A PR — 200416 —8
Uy — 8 | 200416 - 8
and soon
to
L [ A R R R g —8 | 20016 — 8
us'; ..................................................... — 8 200+16 bl S
Ugy  feececeen et R — 8 | 200418 — 8
|
|
Total .. 20016 | 2004-24 2008 200 200 200 200 200 200 | 2004 8 - 8

Thus 200 times either sum in tape 18, ages 5 to 95
(4148809 and 171099), lacks — 16w, + 24m,, — 8w, -+ 8wy,
— 8urgs — 200wy, of being equal to the sum of the cor-
responding totals in tape 19. This expression may
be written as (+2—10) (2wy— 31wy, +wyg— Wy +Wys) —
200wy, Then the sum of u, for y =7 to y =92 is equal
to the sum of 200 times the totals, ages 5 to 95, in
tape 18 plus (+2—10) (2w; — 3wy, +wys— Wy +Wes) —
200wy, These additions are performed in tape 23,
those for populations under tape 21, and those for
deaths under tape 22. Asin tape 19 the values of the
operands were first obtained, and these were then
added in unit’s place and their complements in ten’s
place; then the complements of wg were added once
and the subtotals in tape 18 (4148809 and 171099)
twice in hundred’s place. A subtotal was then taken
in the addition for populations, and this subtotal re-
peated twice and one-half the total of the deaths
(3 X 34129336) added to it. As indicated by the
symbols @ and @ to the right of the totals in tapes
21 and 22, respectively, and of those beneath in tape
23, the corresponding totals agree, indicating that the
computations from tapes 18 to 23 are correct.

PROCESS OF OBTAINING THE log p, NEEDED TO COMPUTE log ;py.

24. Formulas 13 to 16 for determining log,p, re-
quired log p,. Accordingly the 10°%, in tape 24 were
copied on the left of the machine and at the same
time their complements, p,, or in this case, 1,000,000
~10°,=10%,, were set up on the right. After each
addition the totals should be found to be comple-.
mentary as are the totals at the end of the tape. To
indicate this agreement the operator adds the sub-
total on the left of the machine to that on the right.
The total should he 0 in the first six places and 21 in
the next two places. The 21 shows the operator how
many terms he has set down.

25. Bauschinger and Peters eight-place logarithmic
tables were used to obtain log p,. The mantissa of
the logarithm of the first five digits of the p, could be
read directly from the book, and this was set up on
the adding machine. Then the operator looked up
the P. P. (proportional part) which corresponded to
the sixth figure in p, and added it to the mantissa of
the first five digits, and took a total. Since the char-
acteristics of all these log p,’s were —1, the charac-

" teristics are omitted here and in the tapes that follow

until tape 37, the additions for log 7,. Also the deci-
mal point is omitted. Accordingly 10 (log p,+1), is
put in the headings of tapes 25 to 36, but in the dis-
cussion of the tapes simply log p, is used.

To condense the work, the machine was split
between banks 9-10, and the mantissas for two con-
secutive logarithms were set up side by side. That is,
after the two parts of the mantissa of the first loga-
rithm had been entered on the left of the adding
machine, the platen was rolled back two places and
the two parts of the mantissa of the second log p,
were added before a total was taken. Putting the
logarithms on a tape in this form is of great conven-
ience to the comparer and also tends to increase the
accuracy of the computer. ‘

EXTENSION OF THE SERIES OF log Pz TO A VERY OLD AGE.

26-30. As explained in section 11, the mantissas of
the last seven values of log p, in tape 25 were copied
on & separate tape and differenced four times in tapes
27 to 30. This includes the logarithms of p, from
=062 to z=92. The method of making these tapes
was as follows: The first value in the tape for
An(log p;+1) was set up at the beginning of the tape
for A™ (log p,+1), and then the operator mentally
subtracted the first value in the A(log py+1) tape
from the one next below it and added the remainder
under the first value which was set up at the beginning
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of the am(log p,+1) tape. If the subtraction is
correct, the second value appears through the glass
at the base of the adding machine. This is in accord-
ance with the equation ARy, 4 APy, = Any,,.. If
the first value in the A"(log p,+1) is larger than
the second, the subtraction is made as though the
second value had been increased by 10%, or whatever
multiple of 10 is necessary to carry it beyond the
split.  This process of differencing is described fully
“in the United States Life Tables: 1890, 1901, 1910,
1901-1910, page 374, section 149,

31. An exuminm;i(m of tape 30 shows that these
fourth differences are very rough. Iither Aflog p,,
or Allog Py, if used as a constant Atog p, for all
older ages, would give the greatest probability of
living at the oldest age. Only A'log p,, would pro-
duce reasonable results, if it were used as o constant
Allog p, for ages older than 67. Accordingly this
assumption was made, and Aflog p,, was added to
the Aflog p,, six times, o subtotal being taken after
tho first five additions and a total at Lhu end. Tape
81 shows this work. The first subtotal is used as
Aflog p,, in place of 1,848,055 which produced such
an irrogular Aflog p,,. The other five subtotals are
used as A"log Pay 0 A%log Pygse

32. In tapo 32 the ﬁ’ve subtotals and the total in
tape 31 wero added to A%log p,,, o subtotal being talen
after each addition until the last when a total was
taken. These subtotals and total serve as Azlog D
from =82 to a=107.

33-84. In the same way the subtotals and the total
in tape 32 were added to Alog p,, to obtain Alog p,
for =87 to =112 in tape 33, and in tape 34 these
new values of Alog p, were added to log py, to obtain
log py, to log py,- As stated in seetion 11, these
values of log p, to a very old age were u%d to
determine log ;p, to ages old enough to reduce the
radix of 100,000 to less tlmn 0.5 or pructicn,lly 0.

PROOCESS OF OBTAINING log 5Pz NEEDED TO COMPUTE Zm AT FIVE
YEAR INTERVALS.

85. The 10%(log p,-+1] obtained in tapo 25 were
copied in tape 35, except the last, for age 92, which
was roplaced Dby its estimated value in tape 34
The values in tape 25 were then followed by the other
estimated 10%[log p,--1] in tape 84. Since equations
(13) to {16) and so on, page35, do not require the
logarithms of p, and p,, they were added separately
" at the beginning of tape 35 and a total taken. The
addition was bwun with log p, and continued through
log puyy-

36. In obtaining the value of 10%og ;p, according to
equation (13), ten times the value of the operand was
obtained first. 10%(og p,+1) in tape 35 was set
up in ten’s place, 10%(og p,-+1) repeated four times
in ten’s place, and the complement of 10°(log p,,+1)
repeated twice in ten’s place. This gave ten times

UNITED STATES ABRIDGED LIFE TABLIES.

the operand, which was read through the glass of the
machine and set up again, and then one-tenth of its
complement added three times. Then, in accordance
with the other terms in equation (13), the complement
of 10%(log p,+1) was added in unit’s place, that of
10%(log p,+1) in ten’s place, and 10%(log p,+1) was
added in ten’s place, and a total taken. This total
is 10"(log; p, + 5). '

To obtain the value for 10%og .p, according to
equation (14) 10%log p,+1] in tape 35 was added to
109log p,,+1] and a subtotal takon. Then the sub-
total was set up and repeated three times in unit's
place and set up again and repeated twice in ton’s
place, so that the total on the machine at the end of
this step in the work may be represented by the
expression 24[10%(log p,+1+log p,+1D]. Thisisin
accordance with the first term on the right of equation
(14). Then in accordance with the next three terms,
10¢(log p,,--1) was set up in ten’s place, the comple-
mont of 108(log p,, 1) was set up in ten’s place and
109[log p,, + 1] is ropeated twice in unit’s placo, giving
as a total,

10824 (og p,+log pp) +10log p,— 10log py; +2log pys
+ (48 10— 10 ++2)]=10°[24(og p, +log p.,)
+10log p,,~ 10log p,,+2log pa,]--5(10%).

In other words the result obtained is 10%Mog py-

5(10%).
In the formulas (13) to (16) it will bo noted that only
four consccutive values of log p, are used in cach

.period. In this connection it was found convenient

to use as a marker a cardboard with a rectangular
opening cut in it just wide enough to allow four of the
values on tape 35 to be seen.

Since the same ages appear in equation (15) as in
equation (14), the cardboard was not moved, but the
four values were added again in o different way. It
will be noted that the values for ages 7 and 22, the
first and last of the four values appearing in the open~-
ing of the cardboard, are in the first expression on the
right of equation (15) with the cooflicient — 1, while
the two middle values have the cooflicient +11 in
this expression. Accordingly the fivst and last values
in the opening of the cardboard were addoed first and a
total taken. Then the two middle values were added
and their sum, appearing at the base of the adding
machine, was set up in ten’s place. This gave
10% (11 (log p, +1+log py+ D] To this the comple-
ment of thoe first two values wore added, giving 10*
times the value of the exprossion—

—log p;— 1 +11(0g py, +1 +log py;+1) ~log py—1
=20 +[—log p; +11(log py, -+log py;) ~log Pasl
The expression in brackets is the same as that in equa-

tion (15). Since twice this expression is required, the
sum appearing at the base of the adding machine was
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set up again. * In accordance with the last term in
equation (15) the sccond value in the opening of the
cardboard was added in ten’s place and a total taken.
The result is:
10°{2[20—log p, + 11 (log p,, + log pyr) — logpsl
+10(og py +1) }
=10° {2[~ log p; + 11 (log p,, +log py,) — log P,
+10log py, } +5(10°)
=10'%og (P, +5(109).
Then the cardboard was moved down one space and
oquation (16) applied to the next four consecutive
values. It will be noted that equation (16) is the
samoe general equation as (15). Hence the first and
last values appearing in the cardboard were added
and a total taken. Neoxt the second and third values
were added, their sum, appearing at the base of the
adding machine, was set up in ten’s place; the comple~
ment of the sum of the first and fourth just above
was ndded; the sum appearing at the base of the adding
machine was set up, and finally the second value in
the opening was added in ten's place and a total taken.
For reasons similar to the above, it will be found that
this total is 10%og sp,,+5(10%. This same process
was ropeated on each four consecutive values in tape
35. These totals in tape 36 furnish the log ;p, needed
to obtain log 7, at every fifth year of age. The
log ;p, are in the following form: 10%og sp,+5(10).
log Iy AT EVERY FIFTH YEAR OF AGE,

37, Logarithms of 1, at every fifth year of agoe were
obtained in tape 39 by adding to the logarithm of the
radix log p, and log p, and then of each consecutive
log ¢p,, and taking a subtotal after cach. Since the
totals obtained in tape 36 are multiples of 10°, the
decimal point comes between banks 9 and 10 of the
machine and may be indicated by a vertical line drawn
between these banks. The radix is taken as 100,000,
and since its logarithm is 5, this figure was added in
the tenth bank of the adding machine.

Log p, is given in tape 35 as 10%(log p,-+1), and
multiplying this expression by 10 changes it to
10%log po+10° Accordingly 94,077,240, the first
number in tape 35,was entered in ten’s place. To re-
move the 10°, 9’s were set up from bank 10 to the
split in the machine between banks 12 and 18, and a
gubtotal taken. This subtotal is log /. In the same
way 10%(log p,+1), the second number in tapo 35,
was set up in Gen’s place, with 9’s from bank 10
to bank 12, The subtotal taken here is log Z,.

Trom age 2 thel, are required at five-yearintervals.
Accordingly, 10° log zp,+5(10)%, the first total in tape
36, or 4,980,854,914, was added. To remove thoe
5(10)9, 5 was subtracted from the tenth bank of this
first total, leaving 999 from banks 10 to 12 instead of 4
in bank 10. The subtotal taken here is log ;.

In this way cach of the totals in tape 36 was added
after 5 had been subtracted from the number in the
tenth bank of the total, and o subtotal was taken
after each addition. Since 4 is tho number in the
tenth bank of the totals in tape 36 from age 2 to 87,
999 is added in banks 10 to 12 for all these totals,
The totals for age 92 and 97 contain 3 in the tenth bank,
while those for ages 102 and 107 contain 2 and 0,
respectively. Accordingly, for these four ages the
numbers added in banks 10 to 12 in tape 37, were
998, 998, 997, 995, respectively.

Thus the series of subtotals in tape 37 are the
logarithms of 7., Whenever these subtotals becams
less than 999]698,000,000, which is log 0.5 on the
adding machine tape, the remaining totals in tape 36
were added in without taking o subtotal, since all
values in for 1, less than 0.5 weroe called 0.

Since 10® was subtracted from ton times each of the
first two values in tape 35 bofore adding them in
tape 37, and 5(10") was subtracted from each of the
totals in tape 36 before they were added in tape 87,
the total thus far obtained in tape 37 does not equal
ten times the first two terms in tape 35 plus tho totals
in tape 36, Since there are always 22 totals in tape 36
and 5(10% was added at beginning of tape 37, this
diference is 10°9(—5-+4245%22) =107(10". There-
fore, for checking purposes 107 was added in banks
10 and 12 of tape 37 before the final total was taken,
This final total is then ten times the first two values
in tape 35 plus the totals in tape 36.

After this total had been checked, the antilogarithins
of the subtotals in tape 37 were looked up in Bausch-
ingor and Peters' logarithm tables and entered to the
nearest intoger to the left of the subtotal.

38, A check on the work in tapes 35 to 37 is de-
rivedin Table 14. In this table letters represent the
log p, for the values of 2 given just above them, and
any number in the table is the coeflicient of the
log p, at the top of its column in the oquation for
the log ¢p, on the left margin of the table in the samo
line with this number. These coeflicients arve taken
from equations (13) to (16), and so on, page 35.
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Tapre 14.—DERIVATION OF FORMULA TFOR CHECK ON WORK IN TATES 35

TO 37,

COMPUTATION OF CITECK IS GIVEN IN TATE 38.

In this table letters represent the log p, for values of = given just above the letters, and any number in the table is the coefficient
of the log py at the top of its column in the equation for the log zp, on the left margin of the table in the same ling with thig number.

These coeflicients are taken from equations (13) to (16}, and so on, page 35.

log pg for @ equals—
T S E R RN EY R R EN R R Y S R LA R
n b [ a [ 1t g h 1 1 ‘t‘:wl u ¥ 3 w X ¥ H
22— 2
+4-22 - 2
DR LT S B G
o 3|3 22 -2
, ~a:==1l)7 ) ' i
Total, 10 37 log spae - ofeanan A 4+16 (80 |30 | B2 |52 [-F50 |50 [--50 . 50 [+560 00 52 --20 -3
=2 ang
Ree117 . on to
50 = log pge---. SR N P +50 (-+50 4860 | 4560 |+50 [--50 |--60 [4-50 +-60 |50 (50 (450 |-}-50 -+l
PR .
2117 ze==107 0 g +5
50 lo —10 log spge---- -3 [—30 |42 - 2| =2 0 0 [V . 0 0 0 |— 2 [-F30 | 4D2= |
2, 108 =10 2] Tog aa =304 230 ~4)

Thercfore to reduce the sum of the totals in tape 36 to 50 times the second total in tape 35, ten times this sum must be inereased by:

(80-k4)e —30d--20e— 27 —2g

or: 3OSC—~(Z~I—y+2z)+2(20+106-—f—;}—-:}:-—4z).

— 2280y -+2(30— )z,

This formula was reduced to the following form, convenient for computation upon the adding machine:

2[2(c—22)+-10¢—~f— g— ] +3[10(e— d~F-y-+22)].

Accordingly, the complete expression for the check
on tapes 36--37 is: :

I. Add ¢ to complement of z repeated twice, and re-
peat total seen at the base of the machine. To this
add e in ten’s place and the complements of ¥, g, and
in unit’s place and again repeat the total now seen at
the base of the adding machine. Then clear machine,

IT. Add ¢—d+y+22 in ten’s place and then set up
the total seen in the glass at the base of the adding
machine, repeating this total twice. To this add the

“total obtained in I just above, indicated by symbol *,
and then the total in tape 37.

III. Set up the second total in tape 35 and repeat
5 times; add to it, in ten's place, the first total in
that tape, and take a total. The totals of IT and IIT
should agree. They are designated by the mark @
to the right of each total. _

Before starting his check the computer puts the
letters a, b, ¢, d, ¢, f, ¢, and 2, y, and 2 in the right
margin of tape 35 to aid him in following the rule
for the check. To preservo the first part of II, should
his totals in II and III not agree, the operator takes
a subtotal before adding the total in I.

39. No check was provided for the 7, determined
by finding the antilogarithms of tho subtotals in tape
37 except to compare them with the duplicate work.
When this was done these I, in pencil on tape 37 were
added in tape 89. This put the I, column in a more
convenient form for deriving from it the N’zp accord-
ing to equations (17) to (20), pago 85.

DETERMINATION OF N’y.5 FROM [, AND OF N/;; FROM Npp,

40, Bquations (17) tc (20) are tho same general
equations as (13) to (16) and accordingly the same
general method was used in computing the N’y from
the 7, as was used in computing the log p, from the
log p,. The same cardboard was used to mark off
the I, to which the equation was being applied, and
the addition was begun with the third number on the
tape; the first two may be separated by a horizontal
line. The method of computing N’y is identical with
that of computing log ;p,, but this is the only value
of N';g obtained by the irregular formula.

However, since the [, are much smaller numbers
than the log p,, it was found more convenient to add
the first and last values appearing in the opening of
the cardboard on the right of the adding machine and
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B-—ACTUAL COMPUTATION.

NUMBER OF SURVIVORS.

1909-1911.

IN THE STATE OF NEW YORK:

FOR MALES

1
\

CALCULATION OFF LIFE TABLE

T MADYL

RE

PIOTOGRAPHS OF ADDING MACHINE TAPES UPON WHICH CALOCULATIONS WHE
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the second and third on the left, the machine being
split between banks 9-10.  Accordingly the first value
in the opening was set up on the right and the second
on the left and the adding machine lever struck. Then
the third was set up on the left and the fourth on the
right and the lever again touched. The total seen
at the base of the machine on the left was set up in
ten’s place, the complement of the total seen through
the glass on the right was added to this, and the total
then seen through the glass on the left was added.
Then ten times the second number appearing in the
opening of the cardboard was added on the left and a
total taken. This process was continued until a total
had been obtained from each group of four consecu-
tivel,. A total was then obtained from the last three
1, according to equation (21), page 35, which gives
10N (—5:5.  Since l,=1, N'y.5 was taken simply as 1.
T=e104-4

That is, 331, is zero in this table.

Z=w+1

According to equations (17) to (21) the totals in
tape 40 are 10M'3.

UNITED STATES ABRIDGED LIFE TABLES.

41. Then to obtain N’, these 10N,z were added,

beginning with 10N’,:5= 10 and taking a subtotal after '

each addition. After 10N’s.5 had been added and a
subtotal taken, the 10N’;y and then the 10N'yg
(=1,000,000) were added, a subtotal being taken after
addition of the first and a total after addition of the
last.

Tor the benefit of the reader the I, were copied on
tape 41 to the left of the N’ for the same age. Thus,
the dividends of equation (22), page 35, are glven on
the right side of tape 41 and the divisors in the center
and the ages on the left margin of the tape. To aid the
computer a vertical line between the first and second
banks marks the decimal point in these N',.

492, The check on the work in tapes 39 to 41 is de-
rived in Table 15. As in Table 14 any number in the
table is the coefficient of the [, at the top of its column
in the equation for the N';.5 on the left- margin of the
page in the same line with the number. These equa~
tions for N’,.z are (17) to (21), page 35.

TisLe 15.—DERIVATION OF CHECK ON WORK IN TAPES 39 TO 41.
COMPUTATION OF CHECK IS GIVEN IN TAPE 42.

This table shows equations for 10 M’;3 in terms of I; to 15+, according to equations (17) to (21), page 35; No.1=l, and ¥ 1.q9~=1,.
Any number in the table from columns I: to l,4,=0 is the coefficient of the I, at the top of its column in the equation for the

10N’z:5 in first column in same line with the number.

and
10Nz Iy A I L i Ly | o | L {Oi‘%o} lip—og | bo—is | bio—to | Bios | Tw (lwts=0
EL) ]\ -+10
10N/ T +10
10N/, gfor requals—
-2 RS JORN +24 +34 —10 |+ 2
7... SN P - 432 422 {— 2
2NN N IR SO -2 +32 14922 |- 2
£ RSN AR IR AR AT ~ 21432 [+22 [— 2
- 2SRRI N RN IO RO AR — 2 |+82 |+22
27.. SOOI IO I IR ISR MUORRRRN: M — 2 |482
32.. e A [ R SRR S -2
37... .- S S e P P FER PR S
-2
+22 | — 2
| a=wtd
..... AR IRRRRRRA AL ERCEEE CRTETEPE) UPPR FRREN ERRE CRRUD| RPN AP RN R E 510 +10 131,
x=w+1
a=wt
410 410 | -+22 +64 +42 [452 |50 |4-50 }a&d{-}-SO +50 [+50 |+52 (430 | — 2 | 410 f_ﬁx
+50 50 | +50 +50 +50 |4+-50 |+50 |+50 Jontoli 450 | 450 [+-50 |+50 |+50 | +50 =
|
40 40 | 48— 14— +8=i—2| of o _ ot
T Ha0-2) [ (—10-9 | (11079 S R N e kel Bl R
: or 40(Io+11)+3012“'1OZ7+10112+207w—2(lz+2l7+112+117+lw_5)—10z§41x, when ly;=0.
z=w+1
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B.—ACTUAL COMPUTATION.
SUM OF SURVIVORS IN FIVE-YEAR GROUPS AND AT EACH FIFTH YEAR OF AGE AND OVER.

1909-1911.

GALCULATION OF LIFE TABLE FOR MALES IN THE STATE OF NEW YORK

PHOTOGRAPHS OF ADDING MACHINE TAPES UPON WHICH CALCULATIONS WERE MADE.
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UNITED STATES ABRIDGED LIFE TABLES.

COMPLETE EXPECTATION OF LIFE.

CALCULATION OF LIFE TABLE FOR MALES IN THE STATE OF NEW YORK: 1909-1911.
PHOTOGRAPHS OF ADDING MACHINE TAPES UPON WIHICH CALCULATIONS WERE MADE:

Cheek on tapes 39 to 41,
1872510
1872510
1872510
1872510
B42630
842630
842630 84265
: 80629
99193710 80629
795100 79540
10 78405
10 48
403484
99193032
9199792 8069688
483068048
(857506600 8069.684%
#*
¥#*
11501320
11501320
11501320
11501320
11501320
@ 575066004

Accordingly the rule for checking the work in tapes
89 to 41 is as follows: Split machine between banks
9 and 10.

L—() Set up ly+1%, that is, 100,000+, in ten’s
place on the left of the machine and repeat four times.

(2) Set up 107, on the left and vepeat three times,
adding it in unit’s place on the right with the third
repetition.

(3) Set up I, on the right of the machine, repeating
twice, and with the second repetition setting up the
complement of I, in ten’s place on the left.

(4) Set up 10I,, on the left of the machine and 1,,
on the right.

(5) Set up 107, on the left of the machine and 1,,
on the right. :

(6) Set up 10, on the left of the machine and ,;
on the right.

(7) Repeatb total seen at right through glass at base
of machine, :

(8) Set up on left of machine the complement of
total now seen at right through the glass at its base.

2=t
(9) Set up complement of 10 Edlﬁ; on right of

a=w+1
o=suhd
machine, 337, is zero in this table, See end of
m=wtl

section 40,
(10) Add total of tape 41, and take a total.
IL.—Repeat total of tape 39 five times in ten’s
place and take a total. As indicated by the marks

z  Np/i, &
0 4831 4781
1 5422 5372
2 5511 5464
7 5247 5499
12 4818 4768
17 4381 4331
£2 3975 3535
27 3584 3534
32 3205 31585
37 2848 2798
42 2508 2456
47 2174 2124
52 1854 . 1804
87 4552 1502
62 41283 1233
67 1041
72 824 ?ii
7?7 642 592
B2 493 443
87 367 517
92 2583
FArd 87 zgg

to the left of each of the totals of I and L1, they should
agree.

The operator, to preserve the first part of his check
should his totals not agree, takes a subtotal between
steps (8) and (9).

DETERMINATION OF 6.

43. The work on this tape is generally performed in
pencil on the left margin of tape 41, since tho 7, are not
copied there in actual practice. DBy putting in the ages
in the right margin of tapes 39 and 41, the operator
can readily find the dividend in tape 41 and the corre-
sponding divisor in tape 39, and he can enter his
quotient from the computing machine to the left of
the dividend in tape 43.

When the finished tapes were no longer necedad for
further computations, they were pasted on a large
sheet of heavy manila paper and enough headings
inserted to make easy any possible future reference to
them. In this way all the computations for each life
table were kept in order. This paper was also easy to
file away. _

No knowledge of algebraic processes is nceded to
compute life table by the methods deseribed in scetions
16 to 45. Under proper supervision any good adding
machine operator can readily learn these stops and

then do all the work of computing life tables.
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